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Abstract. Transcendental Brauer elements are notoriously difficult to compute. Work of 
Wittenberg, and later, leronymou, gives a method for computing 2-torsion transcendental 
classes on surfaces that have a genus 1 fibration with rational 2-torsion in the Jacobian fibra- 
tion. We use ideas from a descent paper of Poonen and Schaefer to remove this assumption 
on the rational 2-torsion. 



1. Introduction 

Let X be a smooth projective geometrically integral variety over a field k. The Brauer 
group of X, denoted Br X, is the etale cohomology group H^^(X, Gm)', it can also be thought 
of as the unramified part of Br k(X), where k(X) is the function field of X. This latter point 
of view is valuable because it gives us an explicit way to represent the elements of Br X, i.e., 
as unramified central simple algebras over k(X). 

The Brauer group of X always contains constant algebras BroX := im(BrA; — BrX). 
These algebras encode little to no information about the arithmetic and geometry of X 
so our study will focus on the quotient ^^J^ ■ We are broadly motivated by the following 
problems. 

(1) Determine unramified central simple algebras/k(X) that generate ^ Bro^ ) t"^]' 

(2) Given an unramified central simple algebra/k(X), determine if it is trivial in 

Solutions to the above problems have arithmetic applications. If /c is a global field, then, by 
work of Manin [Man71] . elements of the Brauer group can obstruct the existence of fc-points, 
even if there exist local points, i.e. fc^-points for every completion fc„ of k. Computation of 
this obstruction requires explicit representations of the elements of knowledge of the 

group structure of does not suffice. 

From an arithmetic point of view, these elements are further subdivided: the algebraic 
elements are those contained in Bri X := ker(BrX — )■ BrX), and the transcendental elements 
are those that give non-trivial classes in Many methods have been developed for 

finding explicit representatives for algebraic elements, at least for elements that are 2 and 
3-torsion. Most of these methods make heavy use of a spectral sequence which (under mild 
assumptions) gives the following isomorphism 

|i|^Hi(G,,PicX). (1.1) 

In contrast, very little is known about the computation of transcendental elements. 
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Indeed, only a handful of papers have addressed the above problems in the case of tran- 
scendental Brauer elements |Har96llWitMlSSD05l[HS05l[Ie?MlKTllllHVAVlll[H\^ . The 
work of Kresch and Tschinkel is arguably the most general. They show that there is an 
effective solution to the above problems for surfaces whose geometric Picard group is finitely 
generated and torsion free. A large class of surfaces satisfy these assumptions, including 
general K3 surfaces, but there are some exceptions, e.g. Enriques surfaces. 

In this paper, we focus on surfaces with a genus 1 fibration. Although general K3 surfaces 
have no such structure, Enriques surfaces are always equipped with a genus 1 fibration. Thus 
the cases we consider are neither a superset nor a subset of those studied in |KT11] . 

We build on two papers that explicitly compute transcendental 2-torsion elements in the 
Brauer group of an elliptic K3 surface |Wit04tlIerlO] . Although Wittenberg and leronymou 
each focus on a particular K3 surface, we expect that their methods can be applied to 
compute 2-torsion transcendental Brauer elements on any surface with a genus 1 fibration 
such that 

(1) the fibration has a section over a quadratic extension, and 

(2) the Jacobian fibration has rational 2-torsion. 

Their methods echo the classical descent methods used to compute the rank of an elliptic 
curve. More precisely, they use explicit elements of the cohomology group H^(Gi^, J[2]) to 
construct Brauer elements on the generic fiber, and then determine which elements spread 
out to Brauer elements on the surface. 

If the 2-torsion of the Jacobian fibration is not rational, then it is difficult to compute 
the elements of H^(Gx, <^[2]). This difficulty also arises in a more classical number theory 
problem, i.e., that of computing the rank of a Jacobian over a number field, and many papers 
have studied various methods of working around this difficulty. 

We take our inspiration from a paper of Poonen and Schaefer |PS97] . Instead of studying 
the full H^(Gx, <^[2]), we study a quotient of Y{^{Gk, J\A) ^^"^ elements of this quotient 
to construct Brauer elements of the generic fiber. We then give a necessary condition for the 
elements to spread out to Brauer elements of the surface. This condition rules out all but 
finitely many elements of the quotient. 

To give a precise statement of our result, we fix some notation. Let X be a smooth 
projective geometrically integral surface over an algebraically closed field of characteristic 
with n: X ^ W a. genus 1 fibration. Let K denote the function field of W, C denote the 
generic fiber of tt and J denote the Jacobian of C. Recall that Br X C Br C. 

Theorem 1.1. Assume that C has a model = f{x) where deg(/) = 4 and let L be the 
degree 4 etale algebra K[a]/{f{a)) . Then the following diagram commutes, 



JjK) r 



(1.2) 



2J{K) 




ker i^N : 

where h: i ^ Cork(Ci)/k(C) 0)2). 
Moreover, there is a finite set (ker A^) 



XX2 



) 



h 



>(BrC)[2] 



such that 



/i^^(BrX) C (ker A^) 
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The finite set (ker N)g_^^^ should be thought of as a set which agrees with a "fake 2-Selmer 
group" away from a set S of finitely many places. The idea of studying the Brauer group of 
an elliptic surface via a "Selmer-like" object is not new. Colliot-Thelene, Skorobogatov, and 
Swinnerton-Dyer defined a geometric Selmer group for any Jacobian fibration [CTSSD97] . 

In the case of classical descent on elliptic curves, typically the n-Selmer group is useful 
theoretically, but difficult to explicitly compute for a generic elliptic curve. In practice, to 
obtain an upper bound on the rank of an elliptic curve, one tends to use a group that agrees 
with the Selmer group away from finitely many places. We expect that an analogous trade- 
off occurs with the geometric Selmer group of |CTSSD9"7] and the finite set (ker A^)^^ ^^j. that 
we study in this paper. 

Outline. In ^ we show that cohomological arguments produce the commutative diagram 
in (11.21) . These cohomological arguments do not result in an explicit description of the map 
h] we prove that h has the description given above in ^ Finally, in §H we define (ker N)g_^^^, 
prove that this set is finite, and that /i~^(BrX) C (ker A^)^_^j^j.. 

Notation. Throughout, X will denote a smooth projective geometrically integral surface 
over an algebraically closed field of characteristic 0. We assume that there exists a morphism 
tt: X ^ W such that the generic fiber is a smooth genus 1 curve. Let K denote the function 
field of W] note that K is a. Ci field. Let C denote the generic fiber of vr. We write J for the 
Jacobian of C. As stated in Theorem we will assume that C has a model of the form 
y"^ = f{x) where deg(/) = 4. 

For any field k, Gk will denote the absolute Galois group of k, and H*(A;,M) will denote 
group cohomology H*(Gfc, M). For V a variety we write k(y) for the function field of V. For 
any valuation v on k(V^), we will denote the residue field of v by k{v). 
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2. Obtaining the commutative diagram 

In order to obtain the commutative diagram in Theorem II. 1^ we must first understand 
the Galois cohomology of L := L 0k K and various related Galois modules. 

Consider the short exact sequence Q ^ K L L / K — j-O. The long exact 
sequence in cohomology begins 

^ K"" ^ ^ H° ^ Y{\K,K'') ^ }1\kX) -> [k, ^ Bri^. 

By Tsen's Theorem |GS06t Thm. 6.2.8], Br/T = and by a generalized version of Hilbert 
90 [Se779l p. 152, Ex. 2], H^(i^,Z'') = Yi^{K,V) = 0. Therefore 

H°(i^,LV^'') = L^'/K'', and }i\K,L''/K'') = 0. (2.1) 
Now consider the short exact sequence 

^ /i2(I)/^2(^) ^ IV^"" ^ L^'/K'' ^ 0, 
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where the last non-trivial map is the squaring map. After taking group cohomology and 
applying (12. ip . we have 



(2.2) 



Now we will relate the above cohomology groups to those of J[2]. The Galois module J[2] 
is generated by differences of certain points of C, namely the Pi := (««, 0) where a, is a root 
of f{x). Using this fact, we can define a morphism of Galois modules 

where Cj is identified with the vector with a —1 in the i"^ entry, and a 1 in all other entries, 
under the isomorphism L = L ®x K = K . This injection fits into the exact sequence 



^ J[2] 



Norm 



fi2{K) ^ 0. 



Now consider the following diagram, where each row is exact and 7 = oo"*" + 00 . 







-4 J[2] > H2iL)/fiiK) — ^ /i2 



deg 



Pic(C) — — > Z 



-^0 



(2.3) 



Pic(C) /Z7 — Z/2Z > 



-^0 



After taking group cohomology, taking the 2-torsion parts, and using (12. 2 p we obtain the 
following commutative diagram, where each row is exact. 



-4>ker(N: L^'/L^'^K'' ^K^'/K''^^ 



(2.4) 



Z/2Z >tf(i^, J)[2] > (ker(deg: H^(J^, Pic(C)/Z7) ^ K"" / K''^))[2] 



Z/2Z >H^(i^, J) [2] 



(BrC)[2] 



The bottom two leftmost arrows are isomorphisms, so we have 

im(H^(ir, J)[2]) ^ (kerdeg)[2]) = im (H^(K, J)[2]) ^ (BrC)[2]) . 

By the commutativity of the top right square, and the surjectivity of both maps with domain 
HH^{K, J[2]), the image of ker — )■ (ker deg)[2] coincides with the image of H^(A', J) [2] — )■ 
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(ker deg) [2] . We can now combine everything into the following diagram. 

/X2 > Z/2Z 



(2.5) 



JjK) r 
2J{K) 



ker (a^ : 



K> 



' K 



(BrC)[2] 



Remark 2.1. Note that we have not claimed that two top vertical arrows are injective. In 
fact, for some curves C both maps can he trivial. By calculating the 0*^ cohomology of the 
top row in (12. 3p . one can show that the map /i2 H^(i^, J[2]) is injective if and only if 
f{x) has no roots in K. Similarly, by using the bottom row of (12.31) . one can show that 
Z/2Z — H^(i^, J) [2] is injective if and only if there are no 0-cycles of degree 1 defined over 
K. 



3. Explicit computations of cohomological maps 
In this section, we show that the bottom horizontal map in 



J{K) c 
2J{K) 



ker (^N : p4 



K> 



R\K,J)[2] 



(BrC)[2], 



obtained in ^by cohomological methods agrees with the map i H- Cork(C£)/k(c) ((^) ^ " «)2) • 
Lemma 3.1. The map 

ker(N: L"" / L'<^K'< ^ K'' / K""') ^ BrkiC), Cork(c,)/k(C) ((^, x - a)2) 

is well-defined and its image is contained in BrC. 

Proof. Throughout this proof Cor will denote Cork{Ci)/k(c); unless another field extension is 
specified. Let m G and i, io E , and consider A := Cor ((£ ■ ■ m,x — 0)2). We may 
expand A as follows 

A = Cor ((£, X — 0)2) + Cor ((£q, x — 0)2) + Cor ((m, x — 0)2) 
= Cor ((£, X — 0)2) + {m, Cor(x — a))2 
= Cor ((£, X - 0)2) + (m, f{x))2 

= Cor ((£,x - 0)2) + (m, 7/^)2 = Cor ((£, X - 0)2) . 
This proves that the map is well-defined. 



Now consider the following diagram: 



^k(Ci)A(C) H2(k(Ci),/if' 





95 



Cor 



k(Ci)/k(C) 



H^(k(C),/.f) 



9,2 




(3.1) 

The back, side, top, and bottom squares are all commutative |GS06t Cor. 7.4.3 and Prop. 
7.5.1 & 7.5.5]. Therefore, all ways of traversing from _R'2^(k(CL)) to (k{v) , fi2) are equiva- 
lent. By the Merkurjev-Suslin theorem |GS06t Thm. 4.6.6], /ik(Ci) 2 surjective so the front 
square is commutative. Using the purity theorem |Fuj 02 1 and the commutativity of the front 
and right square of I3.H we obtain the following commutative diagram where the bottom row 
is exact. 



Brk(C^)[2] — -> /.HVkK 

(B,„df.. V ' 



x2 



Coi'k(Ci)/k{C) 







BrC[2] > Brk(C)[2] 



©11 5^ 



nu,|i,NK(u,)/K(^) 



(3.2) 



(Here, the direct sum (Bv ranges over all valuations corresponding to prime divisors on C, 
and (Bw\v ranges over all valuations corresponding to prime divisors in lying over v.) 
Thus, to show that Cor ((£, x — 0)2) is in BrC, it suffices to show that 



■w\v 



(3.3) 



is a square in k,{v)^ , for all valuations v. Since £ is a constant in h^Ci), the valuation 
w{£) = for all w. If w{x — a) = for all w \ v then (13. 3 p is 1, and hence a square. We 
restrict our attention to valuations v such that there exists a w \ v with w{x — a) 7^ 0. 

For all valuations w such that w{x — a) is positive, we have that valuation w{x — a) = 
(mod 2) so (13. 3 p is clearly a square. Now we consider the valuations v for which there exists 
a. w \ V with w{x — a) < 0. These valuation(s) v correspond to the points at infinity on C, 
and for every w \ v we have that w{x — a) = —1. In this case (13.31) can be simplified to 

nCor.H/«(.) ((_i)-W-(-")r(--)(a; - a)"'^) = J] Cor.H/.(.) (r^) = Normi/^(r^). 

w\v w\v 



Since, by assumption, i G ker (N: /L^'^K^ — )■ /K^"^), this is a square. 
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□ 



Theorem 3.2. For any K , C , as above, the following diagram commutes 

Y{\K, J[2]) > Hi(i^, J) [2] 



(3.4) 



ker(N: L^'/L^'^K'' ^K^'/K''^) 
where h{i) = CoTk(CL)/k{c) (^, x - a) . 



Bn Ck 



Proof. First we show that if f{x) splits completely over K (13. 4p commutes. After making a 
change of variables on P^^..^,), we may assume that /(x) = (1 — aix)(l — a2x)(l — a3x)x, for 
some ai,a2,a3 G K. Under these assumptions C has a Weierstrass model: 

= {X -ai){X -a2){X -as). 

By [SkoOll §4.1, 4.4, Exer. 1&2], the composition of the top and right map B.^{K, J[2]) 
Bri C is given by {di, ^2) ^ {di, X — 01)2 + (^2, ^ — 0,2)2, where {di, 0^2) corresponds to the 
cocycle a 1— )■ (qi; 0) + (^2, 0). By tracing through the maps given in ^ 

we see that the bottom left map is given by 

(^1,6/2) ^ {di,d2, 1,^1^2) (rfi,x - 1/01)2 + {d2,x - 1/02)2 + (l,a; - l/«3)2 + {did2,x)2 
Using the relation x = 1/X and other relations in the Brauer group, we can rewrite 
{di,x - 1/01)2 + {d2,x - 1/02)2 + (l,a; - 1/03)2 + {did2,x)2 



di 



X-ai 



d-) 



X - 02 



— ttiX J 2 \ — 02X / 2 



(^1^2,^)2 



= (c/i, X - 01)2 + {di, -01)2(^1, X)2 + ((^2, X - 02)2 + (C?2, -02)2(^^2, X)2 + (rflC?2, X) 

= {di,X - oi) + (^2, X - 02) + (rfi, -oi) + (c/i, -02) 

By Tsen's theorem, (rfi, — Oi), ((ii, — 02) are trivial quaternion algebras. Thus, if f{x) is a 
product of linear factors then (13.41) commutes. 

Now we prove the theorem in the general case. Let K be the splitting field of f{x). We 
will show that if (13.41) commutes over K, then it commutes over K. Consider the following 
diagram, where L := L K: 



R\K,J[2]) 



R\K, J)[2] 



(3.5) 



Cor 



ii\K,J[2]) 



Cor 



kerNj/^, 



Cor 



-^li\K, J)[2] 



Cor 



ker ^L/K 



BiC 



The top, bottom, and side squares are commutative since corestriction commutes with 
cohomological maps. Since we have just proved that the back square is commutative, 
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all paths traversing from H^(i^, J[2]) to Bri C are equivalent. Hence, if we show that 
Cor: }l\K, J[2]) li\K, J[2]) is surjective, then the front square is commutative. 

We will do this by breaking the extension K/K into 3 parts. Let Ki be the minimal field 
extension of K such that J{Ki)[2] D TLjTL and let K2 be the minimal field extension of K\ 
such that J[2] C J[K2). We will consider each part of the composition 

B\K, J[2]) ^ H^(K2, J[2]) ^ B\Ku J[2]) ^ E\K, J[2]) 

separately. 

Our conditions on Ki imply that [Ki : K] \ 3, so Cor: li\Ki, J[2]) H^(A', J[2]) is 
surjective. Since J[2] CJ{K2) C J{K), The cohomology groups R^K, J[2]),}i\K2, J[2]) 
are isomorphic to [K^ / K^'^Y {K2 / K2'^Y respectively. Under this isomorphism, Core- 
striction agrees with the norm map. Thus by applying Tsen's theorem to K2, we see that 
this map is surjective. 

It remains to prove that Cor: H^(/i2, ^[2]) — t- H^(A'i, J[2]) is surjective. If Ki = K2 then 
this is clear. Assume that K2 7^ Ki. Fix r G Gki \ Gk^, and let Di,D2 be two linearly 
independent divisors in J[2] such that r(Di) = D2. Let M = (Z/2Z)^ as an abelian group, 
and define a Gki action on M by 



a ■ (ni,n2,n3,n4) = 
With this action, the map 

{ni, 122, ns, rii) ^ (j): Gk, J[2], (f){a 



ni, n2, ns, if cr G Gk2 
n3,n4,ni,n2) if a ^ Gk^ 



riiDi + 7^2-02, if o" G Gk2 
n^Di + niD2, if a ^ Gk2 



gives an isomorphism of Galois modules M = Ind^^(J[2]). We fix the following isomorphism 
of Gxi-iiiodules 



J[2] ^Ind;^J(Z/2Z) 
aiDi + 021^2 ^0: Gk, Z/2Z, (f){a) 



if a e Gk2 
if a ^ Gk2 



Consider the following composition 

fl\K2j[2])^Y{\K,,\ndl\{J[2]))^f^\K2.M) ^^-^^ }l\K2,{Z/2Zy) 

^ }i\K2, (Z/2Z)) ^ R\K\, J[2]), 

where the first and last map are the isomorphisms from Shapiro lemma. By computing the 
map on cocycles, we see that this composition agrees with Cor. It is clear that the fourth 
map is surjective; thus, in order to prove that Cor is surjective, it suffices to show that 
(711,714) ores is surjective. The inflation-restriction exact sequence shows that the cokernel 
of res: E\Ki,lnd^l{J[2])) R\K2, Mfi'i/^^^ injects into H^(G'i^,/G'i^,, Ind;^^( J[2])). 
Using Tate groups, we see that this is 0, so Restriction surjects onto }i^{K2, M)'^^i/'^^2. We 
identify H^(i^'2,M) with (i^'2^/-^2^^) ! under this identification, the order 2 quotient group 
Gki/Gk2 = (t) acts as 

r • («!, a2, as, ^4) = ("s, «4, "i, (^2)- 



Thus, Restriction surjects onto ^2, oi, ^2) : ai,a2 G 

K2} C [K^/K^Y. From this 
description it is clear that (tti, tt^) o res is surjective, which completes the proof. □ 

4. An analogue of the Selmer group 

In this section, we define the unramified part of ker A^, show that it is finite, and show 
that (BrX) C (ker A^)^ In order to define when an element ^ G L is unramified, we 
first fix some notation. 

The degree 4 -fC-algebra L can be decomposed as a direct product of fields L = Yli^i- 
Each Li has transcendence degree 1, so each Lj is the function field of a smooth projective 
geometrically integral curve, Zj. Let Z = [jZi] then k(Z) = L. Since L is a degree 4 
algebra over K, we have a degree 4 map tu: Z — > W. Note that we also have a surjective 
map Z — )■ V{y) C X, where V{y) denotes the Zariski closure of V{y) C C in A. The 4 : 1 
cover zu agrees with the composition Z — )■ V{y) A W. 

Let S G W he a. finite set of points that contains all of the places where the model 
y^ = f{x) has bad reduction. By definition of Z and w, S contains all points of W where 
the map w: Z W fails to be smooth. We say an element £ G is S-unramified if for all 
t E W\S and for all P, Q G Zj, we have vp{£) = vq{£) (mod 2). Note that £ is S*- unramified 
if and only if ££' is S'-unramified for any £' G L^^K^, thus we may consider S'-unramified 
elements of the quotient /L^'^Kx. We denote the subgroup of kerN that consists of all 
S-unramified elements by (ker N)^ ^j^^,. 

Theorem 4.1. The group (kerN)^ ^^^^, is finite. In addition, (Br X) C (kerN)5_mir) so 
h^^ (Br A) is finite. 

Proof. We first prove the containment h^^ (Br A) C (ker N)^.,!!!!.; then we will prove finite- 
ness. 

The purity theorem states that 

O^BrA^BrC^ R\k{V),Q/Z) 

V vertical 

is exact. Let £ G (kerN) \ (kerN)5_unr- Then there is a point to E W \ S and P,Q E Zt^^ 
such that A(q is a smooth genus 1 curve and vpijt) ^ vqijt) (mod 2). We will show that 
9xt(j (Cor(£, X — a)) is nonzero, thus showing that £ ^ (Br A). 

Due to the smoothness of A^g, = {Pi(to) = [o-i^o]-,^^ '■ i = 1,2,3,4}. Since N(£) G 
K^'^, after appropriate scaling by an element in L^'^K^, we may assume that vp-^{£) = 
vp^{t) = 1 and vp^{£) = vp^{£) = 0. Then, by applying the analogue of (13.21) for vertical 
divisors, we have 

dx,^{CoT{£,x-a)) = [x - a^{to)){x - a^ito)) G n{Xt,r / ^{Xt,r' . 

The divisor Pi (to) ~" -^2(^0) is a non-trivial 2 torsion element of Pic(A(g) so is not a 

square. This completes the proof of the containment. 

Now we will prove that (kerN)^_^^j, is finite. Let £ G be a representative of an ele- 
ment in (kerN)^ Let ti, . . . G W \ S he such that Vp{£) = 1 (mod 2) for all P G 
w^^ (ti U ■ ■ ■ U tr) and let s E S. Since Ja.c(W) is divisible, there exists some D G Ja.c(W) 
such that 

ti+t2-\ tr-r ■ s 2D; 
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Let 7 G -fC be an element that gives this equivalence, i.e. div(7) = ti + t2 + " ■ ■ + tr — r-s — 2D. 
By replacing i with £7, we may assume that for all P G Z \ w~^{S) we have Vp{i) = 
(mod 2). 

For all P,Q e w^'^{S), let ip^Q G L"" be such that div(£p^Q) = P-Q+2D for some degree 
divisor D. After multiplying £ by a suitable finite number of •^p,q, then we obtain an element 

^ ^x2 gm;.]^ |;]^g^^ div(£') = 2D. Thus, the class of in / L^"^ is determined by an element 
of Jac(Z)[2]. Since Jac(Z)[2] is finite of over 2^3{z) ^ ^^lis shows that (ker N)^,^^^^ □ 

References 

J.-L. Colliot-Thelcnc, A. N. Skorobogatov, and Peter Swinnerton-Dyer, Double fibres and double 
covers: paucity of rational points, Aeta Arith. 79 (1997), no. 2, 113-135. MR1438597 (98a:11081) 
Kazuhiro Fujiwara, A proof of the absolute purity conjecture (after Gabber), Algebraic geometry 
2000, Azumino (Hotaka), Adv. Stud. Pure Math., vol. 36, Math. See. Japan, Tokyo, 2002, 
pp. 153-183. MR1971516 (2004d:14015) 

Philippe Gille and Tamas Szamuely, Central simple algebras and Galois cohomology, Cambridge 
Studies in Advanced Mathematics, vol. 101, Cambridge University Press, Cambridge, 2006. 
MR2266528 (2007k:16033) 

David Harari, Obstructions de Manin transcendantes, Number theory (Paris, 1993), London 
Math. Soc. Lecture Note Ser., vol. 235, Cambridge Univ. Press, Cambridge, 1996, pp. 75-87, 
DOI 10.1017/CBO9780511662003.004, (to appear in print) (French). MR1628794 (99e:14025) 
David Harari and Alexei Skorobogatov, Non-abelian descent and the arithmetic of Enriques 
surfaces, Int. Math. Res. Not. 52 (2005), 3203-3228, DOI 10.1155/IMRN.2005.3203. MR2186792 
(2006m:14031) 

Brendan Hassett and Anthony Varilly-Alvarado, Failure of the Hasse principle on general K3 
surfaces. Preprint, arXiv : 1110 . 1738. 

Brendan Hassett, Anthony Varilly-Alvarado, and Patrick Varilly, Transcendental obstructions 
to weak approximation on general K3 surfaces, Adv. Math. 228 (2011), no. 3, 1377-1404, DOI 
10.1016/j.aim.2011.06.017. MR2824558 

Andrew Kresch and Yuri Tschinkel, Effectivity of Brauer-Manin obstructions on surfaces, Adv. 
Math. 226 (2011), no. 5, 4131-4144, DOI 10.1016/j.aim.2010.11.012. MR2770443 
Evis leronymou. Diagonal quartic surfaces and transcendental elements of the Brauer groups, 
J. Inst. Math. Jussieu 9 (2010), no. 4, 769-798, DOI 10.1017/S1474748010000149. MR2684261 
(2011g:14053) 

Y. I. Manin, Le groupe de Brauer- Grothendieck en geometric diophantienne, Actes du Congres 
International des Mathematiciens (Nice, 1970), Gauthier-Villars, Paris, 1971, pp. 401-411. 
MR0427322 (55 #356) 

Bjorn Poonen and Edward F. Schaefer, Explicit descent for Jacobians of cyclic covers of the 
projective line, J. Reine Angew. Math. 488 (1997), 141-188. MR1465369 (98k:11087) 
Jean-Pierre Serre, Local fields. Graduate Texts in Mathematics, vol. 67, Springer- Verlag, New 
York, 1979. Translated from the French by Marvin Jay Greenberg. MR554237 (82e:12016) 
Alexei N. Skorobogatov, Torsors and rational points, Cambridge Tracts in Mathematics, vol. 144, 
Cambridge University Press, Cambridge, 2001.MR1845760 (2002d: 14032) 

Alexei Skorobogatov and Peter Swinnerton-Dyer, 2-descent on elliptic curves and ratio- 
nal points on certain Kummer surfaces. Adv. Math. 198 (2005), no. 2, 448-483, DOI 
10.1016/j.aim.2005.06.005. MR2183385 (2006g:11129) 

Olivier Wittenberg, Transcendental Brauer-Manin obstruction on a pencil of elliptic curves. 
Arithmetic of higher-dimensional algebraic varieties (Palo Alto, CA, 2002), Progr. Math., 
vol. 226, Birkhauser Boston, Boston, MA, 2004, pp. 259-267. MR2029873 (2005c:11082) 

Department of Mathematics, Box 1917, Brown University, Providence, RI 02912, USA 
E-mail address: bvirayOmath.brown.edu 
URL: http : / / math . brown . edu/ "bvir ay 

10 



[CTSSD97 
[Fuj02: 

[GS06; 

[Har96; 

[HSO5; 

[HVA] 
[HVAVli; 

[KTii; 

[lerlO; 
[Man7i; 

[PS97; 

[Ser79; 
[SkoOl 
[SSD05: 

[Wit04; 



